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ABSTRACT: In hetrodyne laser tracking of a spacecraft, the incoming laser signa may be
significantly offset from the local laser reference, producing ahigh-frequency beat note that
must be accurately counted to produce an accurate phase measurement. At high Doppler
rates, onc limitation to the accuracy of this measureinent is the stability of the spacecraft
frequency standard, or clock. However, if a secondary laser is used, locked to the primary
laser but offset from it in frequency, then the beat note between the two lasers provides a
built-in frequency reference. What is more, the delay line produced by the travel time of
the tracking signal provides a stable self-comparison that steers the frequency reference or
measures its drift so that its instability may be corrected for. The resulting noise in the link
is only the residual laser phase jitter and the shot noise in the phase measure ment.
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1. Background

In arecent paper (Reference 1) an algorithm was proposed that would alow Michelson-
type interferometers with unequal arms to perform nearly as well as those with exactly equal
arms. The interferometer setup is a hetrodynesystem with independent readou ts of phase
atecach point of the interferometer, as shown in Figure 1. Signals from two central lasers,
labeled1 and 2, are sent out along the two independent directions. Lasers at the two end
points aresimultancously sending signals back along the sa me two arms. At each of the
four points, the relative phase of the iucoming signal is compared with that of a fraction of
the outgoing signal to produce a hetrodyne phase readout in each arm. At the same time,
the two central points are sending and receiving an auxiliary phase signal between them,
so that their phases can be tied together. If the arms were equal, then the data from each
arm would simply be differenced to cancel phase jitter in the central lasers and leave the
relative armlength change s (the quantity that interferometers are supposed to measure) as
the remaining detectable cause of phase changes in the difference data. Thepoint of the
algorithm described in Reference 1 is to show that, instead of simply differencing that data
inthe two arms, the data from one arm can first be used to characterize the phase jitter in
the central lasers. This alows one to model the noise that is introduced into the differenced
data because of the unequal arms, The result is that the accuracy of theinterferometer is
not compromised.
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Figure 1. Geometry of theinterferometer.

However, one limitation to this process that was not addressed in Referencel is a noise
source that becomes important a high Dopplerrates. Whenthe incoming laser frequency
is significantly different from the frequency of the on-board reference laser, a beat note at
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RF will be created. in order to read out the high beat frequency with a small absolute
phase error, a RF standard with good stability would be required. Unfortunately, for the
Doppler rates to be expected in the gravitational wave experiment discussed in reference 1,
the requirement on RY¥ frequency stability is too stringent. It is the purpose of the present
paper to describe a laser tracking system that provides its own RF standard and corrects for
instabilities in this standard.

The rest of the paper proceeds as follows. In the next section we begin with a review of
the unequal-arm algorithim, pointing out where the frequency standard instability creates the
problem. Then, in Sections 111 and 1V, a new laser transmitter and rece ived are described
which provide the correction procedure required. I'inally, in Section V, the signa analysis
procedure is described and the residual limitations of the new system are discussed.

11. Unequal-arm Interferometers

Each laser produces a signa

d)m(t) = th + pm(i)v

where m goes from 1 to 4 and v, is the frequency and p,, () the phase of the m'" laser.
(lime and in future notation, al expressions such as (1) that can be read as functions are
to be taken as functions. ) The two central lasers of theinterferometer send and receive local
phase reference signals from each other, producing a received signal in each given by

C(t) = vit-vid vt 4 pi(L - d) « pi(t), 11.]
where{i, j} are chosen from the set {1, 2} and d is tile light time between the two spacecraft.

in Reference 1, it is shown that a combination of ¢; and ¢2 can be formed that will contain
only the difference of the two laser phas es

a(t)=p2(l) - pi(1). 11.2
T'he main signals along the two main arms of the interferometer are
si(t) = vt - wli vt 4 pe(t - L) - pi(t), 11.3a
si(t) = vit vili — et 4+ it 1) - pi(t), 11.3b
where i is chosen from the set {1, 2} and k is chosen appropriately from the set {3, 4}.

By combining the signals from the two ends of each arm, one forms an effective two-way
“Doppler” signal for each arm

2i(1) = s;(t) +si(t i) = —2wivit 4 pilt ” 2L) 7 pi(), 114

where vi = dl;/dt.In the unequal-arm algorithin, it is assumed that the velocity signal one
is trying to sec is small compared to the phase noise, or at least that it is small within the
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bandwidth where one is trying to detect it. Then one of the arms, say z;@. can be used
to determine p; (t) and to form P2(f) = p,(¢) + a(2). From this knowledge, the phase noise
expected in the diffe renced signal

6(1) = z1(1) — 22(1) I1.5

can be predicted and subtracted away to give a signal that is free of phase noise from the
lasers.

In Reference 1, it was assumed that the readout of the phase in each receiver (kg. 11.3)
was limited by shot noise only. However, in the particular application that drove the develop-
ment of the unequal-arm algorithm in the first place the detection of 10°Hz gravitational
waves in a Michelson interferometer formed from four free-flying spacecraft there will gen-
crallybea very large, nearly constant Doppler rate in the data. The problem that is caused
by this high fringe rate is that e »bsolute number of cycles that must be counted in a typical
] 000 s sample time willbe very large (as much as 5 X 10'° cycles for the 50 M Hz fringe rate
produced by ab0m/s relative velocity) and that this count must be resolved to the ultimate
precision required for the post-processed interferometer,~ 10°cycles. This translates into
a frequency standard stability of ~107!¢ at 1000s, a requirement beyond the capability of
any known space frequency standards.

It is the purpose of the rest of this paper to describe a way in which this requirement can
be circumvented. Essentially, the method uses the fact that, over the time scales of interest,
the armlength of the interferometer representsthe most stable dela y line ever created. One
may therefore usc this delay line to compare the frequency standard with itself and stabilize
it, or, what is equivalent, to compare the frequency standards at the two ends of the arm with
each other and correct for the noise the y introduce. T'wo hardware realizations of this method
can be envisioned. in one, there is a frequency standard on each spacecraft in addition to the
main laser, and the outgoing laser signal is modulated at the frequency of the R¥ standard.
Inthe othe r, there is a second, lower-power laser on board each spacecraft, the two lasers
being locked to successive linear modes of the same Fabry-Perot stabilization cavity. The
superposition of the two laser signals inthe outgoing beam provides the modulation of the
transmitted signal, while the beat frequency between the two stabilized lasers, read out on a
fast photodiode, is the local RF frequency standard. Thesimplicity of the latter scheme has
much to recommend it and will be the scheme that we w ill discuss here.

111. Transmitter

The laser transmitter system is shown in Figure 2. The heart of the system is the primary
transmitting laser of frequency v producing 1 W of 1 ;+ wavelength infrared signal. This laser
is frequency locked to a Fabry-Perot cavity on the opti cal beuch, providing stability at a
relative level of 107! on time scales of 10s 1000s. 1'he secondary laser, of frequency 4 and
power 100 mW, is locked to a nearby linear mode of the same cavity, so that its frequency will
be stab le to the same relative accuracy and will be related to the primary laser frequency by

vy = v (14 ;’;) : 111
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wheremisa small integer and M is the integra number of wavelengths of v3 within the cavity
length. Fora 10 cm cavity, M will be of order 10°, so that the frequency offset betweenwvs
and v4 will be of order

f3=vh - v3=10""mrs = m(3 x 10°) Ha. 1112
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Figure 2. Laser transmitter block diagram.

The signals from the two lasers are mixed in a 9:1 coupler. Here 0.9 W from the primary
laser and 0.01 W from the secondary laser are combined togo out onto the optical bench,
while 0.1 W of primary laser power will be mixed wit h 0.09 W of secon dary power to provide
a nearly completely modulated R} signs] at fin the output of the frequency standard
photodiode. Experience with such RF standards, formed from two lasers locked to thesamne
cavity, shows that R} stability of a few parts in 10" may be expected a 1000 s sample times
inan RY¥ frequency of 10 GHz. This frequency standard serves for all critical timingin the,
tracking system, notably for the phase mecasurement of the received signal (see Section 1V).

The phases of the two signals sent onto the optical bench are given by

(1) = vat + pal2) GL(1) = Vit + pslt) 4 ga(t) 1113

where the laser phase noise in the primary laser is ps(¢f)and the noise in the secondary laser,
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p4(1),has been written in terms of the phase noises(1)=p53(1) - p3(t. in the derived RF

standard.

1IV. Recelver

The receiver block diagram is shown in Figure 3. Light from the far spacecraft is received
and mixed with a portion of the local laser to generate beat frequencies that are to be tracked
and read out in the photodiode. The photodiode output will contain both the Doppler
frequency I’ and the offset frequency f between the primary and secondary laser frequencies.

lLet us first look at the details of the signal acquisition.
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Figure 3. Laser receiver block diagram. ) (= vv) isthe Doppler frequency shift.
The two incoming signals are given by

$s(t —1y) = vat ~ w3y + pa(t - Iy)
¢yt —h) = vt~ vshi 4 p3(t = 1) 4 gs(t - 1)

V.1

where [;is the one-way light time which will be composed of an initial {o plus slow changes
due to the velocities of‘the two spacecraft, After expanding {1= 1o+ vyt and dropping the

constant phase term involving o, Fq. IV. ] becomes

d)g(t - l]) = (] - U )llgf + ])3(1 - 11)
Pt — 1) = (1= vyt 4 pa(t- L) 4 gt = 1y)

where the Doppler frequency shift is now explicit.

1vV.2

The two signals ¢3 and ¢4 will be mixed onthe optical bench with the small fraction of

the outgoing transmitted signals




$1(t) = it 4 pi(1) $1(1) = vit+ p(1) + a1 (1)

The instantancous field onthe photodetector will then be

E) = Essings(t = 1) + Eisingy(t ~ 1)) 4 Fysin ¢i(t) + EY sin ¢} (1), V.4

where F: is proportional to the square root of the power in each signal. The intensity of the
signal will be

1(1) o EX(t) =1 By sin(¢y — ¢)) + ErEzsin(éy - ¢a) + E1Eysin(é) — ¢4) Vs
+ E{Eysin(¢) — ¢3) + FyEysin(¢) — ¢4) 4 FsFjsin(¢s - ¢3), "

where the time arguments of the ¢ have been dropped for simplicity. Terms at optical
frequencies have been dropped intq.1V.5 since they will be too high to appearin the output
of the photodiode.

Let us expand the arguments of the sine functions for each of the termsinkEq.1V.5,
labeling them by their amplitudes:

B fit 4 qi(1)
FiFs: (3= )t —vwvst+ ps(t-- 1)) = ;1)
VRS (v — vt~ vt + fat— v fat +pa(t=1) — pi() 4 ga3(t = 1)
EfEs: (v3— vt — vzt — fi(t)+ pa(t 1) = m(t) = 1 (1)
Eyky s (= vt = vt + (fs = ft = o fat+ pa(t = L) = pi(t) + gs(t = 1) — @i (1)
Fab o fat — vy fat + g3(t — 1y)
IV.G

Now the primary signal wc wish to track in order to determine the variation in the armlength
is the Fy F5term, which we have called s,(t)

s1(t) = (v3 - )l - vyt 4 ps(t - l1) = pi(h) IvV.7

It will contain only a constant count rate (va - 1)t andlaser phase noises p3(t-- 1) -- p1(t) in
addition to the Doppler signal vy3t. As was discussed in Section 11, the problem in reading
out this signal is that, even if v5 = v, the Doppler rate can give a large enough frequency
that the local frequency standard will lack the stability to determine its phase at a level of
accuracy consistent with the ultimate interferometer accuracy requirement. However, these
errors may be est imated and corrected if the third term,the & K4 term, isbeat against the
local frequency reference fi1t + ¢ () to give a phase signal

s3(1) = (v — )t = vwst 4 (fa = St + v fat 4 ps(t = 1) = pr() 4 g3t = L) — qu(t) 1V.8
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Then the difference r(1)=s(t)— s1(¢) will contain only small nearly constant frequencies
plus the data on the frequency standard noise ¢():

r(t) = (fs— Nt —uvifat+g3(t — 1) — q1(1) V.9

There is, however, a problem in reading out sj(t). This is that the ¥ F4term wc need
could have nearly the same frequency as the FjEsterm . The two frequencies are

vs— vy mrs+ fa— 0 fs and vs — vy — v + f1. 1V.10

If fy and f5 are very close, then these two frequencies will only be separated by the Doppler
v1 f3, which will be close to zero when the relative radial velocity is small, in which case the
two terms will superimpose and corrupt the measurement of sj(t). On the other hand, if
tile fiyand f3 frequencies are too far apart, then the f3 — fysignalin Eq.1V.9 will not be
low enoughto be read out itself without introducing; phase errors due to the instability of
the RF standard. Theideal separation between fjand f3 would bea few kilohertz. At these
frequencies a norinal10~!! oscillator would easily beable to count accurately at the 105 rad
level, while thesj(t) signa could still be easily resolved from the unwanted frequency at
vy - 1y - mrst + fy.

Of course, the frequencies f1and fs are not frecly specifiable. They are related to the
lengths of the Fabry-Perot cavities on the two spacecraft because they are a fraction m/AM
of whatever the primary laser frequency is set to be. ‘1'bus, if the difference betweenvy and
1yis toosmall, then fy will be too close to f; to resolve fjinthesignal tracking. Ilow’ever,
it is difficult to machine the two laser cavities so that they will resonate at nearly the same
frequencies anyw ay. indeed, a difficult but feasible requirement for the tolerance required in
the cavity lengthsis 0.1 jsm, corresponding to a frequency uncertainty from one spacecraft to
the other of about 300 Mhz. ‘1'bus, a frequency oflset of this order of mag nitude will occur
naturally, without any special effort to separate them,and the difl’erent.e ( fs — f1) would then
naturally be about 3 KHz, in line with the requirements.

V. Signal Analysis and Noise

As may be seen by reference to Figure 3, the two signals s; (1) (¥q.1V.7) and s} (1) (¥q.
1V.8), both at frequencies near vs-- Y1+ v vs, are first reduced to countable frequencies by
beating with the output from a numerically programmed oscillator (NPO) that is referenced to
the RI* frequency standard f1+ ¢1 (1), where ¢;(t) is the noise in the receiver's RF frequency
standard photodiode output. The NPO will divide fiby the appropriate ratio to give a
frequency afi = v3-¥1tvyrvs. The output of the mixer will be a a frequency of a few
kilohertz which can be easily counted to 10°cycle accuracy. The noise in the photodiode
output will be dominated by shot noise n(t) and ='(¢)inthe two amplified signal s. In
addition, the RIF signal from the NPO will contribute noise proportional to the noisein the
RI' standard. The final expressions for the two measured signals, including noise, will then
be




s1(1)= (3 - )t - vyst+ pa(t - Iy) -- p (1) - aq(t) +ny3(2) V.1

and

(1) = (v — vt = (fa = fi)t - (vs + f3)uit

+palt = 1) = pi(1) + gs(t = 1) = (e + Daa(t) 4 n} (1) v

and the RF error signal will be

m()=s'(1) - s(t) = (Ja - fi)t - vifst + g (t - 1) — qi(t) 4 n4 (1) - ny (1) V.3

At the same time; S/C 3 will receive the signal generated by S/C 1 with identical hardware
and will form

s3(t)=(vy - va)t -~ vyt 4 pr(t -- 1) - p3(t) -- aga(t) 4 na(?) VA4

and

ra(t) = (S = fs)t = vifit4 @t = 1) = g3(1) + n(1) ~ na(2) V.5

Theain S/IC 3 will be determined independently from that of S/C 1, but they will be very
close, since they are reading out nearly the same main counting frequency with nearly the
same R} freguencies.

Thesignals, s; and 74, will be telemetered to the ground where in software one may form
a“Doppler” signa for the link (see Eq. 11.4)

21(1) = 2(vs - VI — (v 4 vt py(t - 20) — py(t)

= afgs(t - )+ g (1)) -2 ) « mg(t - 1) Vo

along with two clock self-Inonitorill'g signals

e1(t) = 2(fi— fa)t=(fi+ fa)ott gt 20) — () + 1y ()~ ny ()4 nz(t = 1) —na(t—1) V.7a

x3(1) = 2(fs— fi)l—(fi+ fa)oit+gs(t—20y) - qa(t)+ nz(t)—~na(t)+ny (1= L) =ny(t=1y) V.7b

In these expressions, constant terms and terins quadratic in v1 have been dropped. The clock
correction procedure’ begins with these two signals. The constant rate f3 — f; and the slow
variations due to v; arc first fit out to give a high-passe d version £i(?) of each of the z,(¢).
These arc then Fourier transformed and deconvolved with the inverse transfer function for
the differencing att = 2{; to give




. zi(w)
Gi(w)= 7 mon ® 4lw)

+7l£i(w) - n3(w) + nj(w) - 711(w)

V.8

2iw1]

where §i(w)isthe estimated value of ¢i(w).- The last term, taken in thelow frequency limit
w << 1 /I, shows the shot noise limit to this determination. The Fourier reconstructed time
series for the clock noise is then

() = () 4 B
Gi(t) = q:(1) + i V.10

in which we have assumed that the shot noise is stationary and that the n’ shot noise will
dominate since the laser at v’ is at lower power than tile laser at v.

Since the clock noise contribution to 2;(t)is a[gs(t—!1)— ¢1(t)], this noise can now be
estimated and subtracted away, giving

i

H(1) = 21(0) + algs(t — h) — q1(1)]
= (3 =)t = (va+t vi)ot4 pi(t—20) — pi(t) V.12
+ 0y 4 ng + 2-::11(11'1 + %)

This signal now contains only the constant count rates, the laser phase jitter which will
be canceled by the interferometer algorithm, the unavoidable shot noise 71 and nainthe
detection of the main laser, and the greatly reduced effect of shot noise from thesccondary
laser. As may be seen, the procedure we have followed, using the telemetered signalss;(t),
r1 ), s3(t),and r3(?), as defined in Yqs.1V.15, has succeeded in suppressing the unwanted
clock noise and replacing it by only a fraction a/wly of the larger shot noise in the secondary
laser measurement. This noise will rise at low Fourier frequency as w-l, as shown inlkq.
V.10, but the fraction «, equal to the ratio betweenthe count frequency vs-vy-vyvsandihe
RF frequency f, can be rather small. For a Doppler frequency or frequency offset between

the two main lasers of 300 MHz and a R} frequency of 10 Gllz,the value of a will be 0.03.
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